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BINOMIAL FIBERS AND INDISPENSABLE BINOMIALS
HARA CHARALAMBOUS, APOSTOLOS THOMA, AND MARIUS VLADOIU
Abstract. Let I be an arbitrary ideal generated by binomials. We show that certain
equivalence classes of fibers are associated to any minimal binomial generating set of I .
We provide a simple and efficient algorithm to compute the indispensable binomials of
a binomial ideal from a given generating set of binomials and an algorithm to detect
whether a binomial ideal is generated by indispensable binomials.
Introduction
Let R = K[x1, . . . , xn] where K is a field. A binomial is a polynomial of the form
xu − λxv where u,v ∈ Nn and λ ∈ K \ {0}, and a binomial ideal is an ideal generated
by binomials. We say that the ideal I of R is a pure binomial ideal if I is generated by
pure difference binomials, i.e. binomials of the form xu − xv with u,v ∈ Nn. Binomial
ideals were first studied systematically in [10] and this class of ideals also includes lattice
ideals. Recall that if L ⊂ Zn is a lattice, then the corresponding lattice ideal is defined
as IL = (x
u − xv : u− v ∈ L) and the lattice is saturated exactly when the lattice ideal
is toric, i.e. prime. The study of binomial ideals is a rich subject: the classical reference
is [22] and we also refer to [16] for recent developments. It has applications in various
areas in mathematics, such as algebraic statistics, integer programming, graph theory,
computational biology, code theory, see [7, 9, 13, 18, 19, 23], etc.
A particular problem that arises is the efficient generation of binomial ideals by a set
of binomials. Up to now, it has mainly been addressed for toric and lattice ideals, see
[3, 4, 5, 11, 12, 22] among others. In Section 1, we consider this problem in the case of
binomial ideals. For this we study the fibers of binomial ideals: in [8, Proposition 2.4] an
equivalence relation on Nn was introduced for any binomial ideal I of R, namely u ∼I v if
xu − λxv ∈ I for some λ 6= 0. For each such equivalence class, we get a fiber on the set of
monomials: the I-fiber of xu is the set {xv : u ∼I v}. When I := IL is the lattice ideal of
L, the equivalence class of u consists precisely of all v such that u−v ∈ L and the I-fibers
are finite exactly when L ∩ Nn = {0}. In this case, for each I-fiber one can use a graph
construction, see [7, 4], that determines the I-fibers that appear as invariants associated
to any minimal generating set of I. We also note that in [5] the fibers of IL were studied
even when L∩Nn 6= {0}. In all cases finite or not, it is clear that divisibility of monomials
does not induce necessarily a meaningful partial order on the set of I-fibers. In this paper
for any binomial ideal I we define an equivalence relation on the set of I-fibers and then
order the equivalence classes of I-fibers, see Definition 1.6. We note that this was first
done in [5] for the case I = IL. This partial order allows us to prove that a certain set
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of equivalence classes of I-fibers is an invariant, associated to any generating set of I, see
Theorem 1.12. We note that lattice ideals have all fibers either finite or infinite and the
equivalence classes of fibers for lattice ideals have the same cardinality, see [5, Propositions
2.3 and 3.5]. However this might not be the case for a binomial ideal and this constitutes
an added degree of difficulty, see Examples 1.2 c) and 1.7 c). Moreover we show that
binomial ideals which contain monomials have a unique maximal fiber consisting of all
monomials of I, see Theorem 1.8.
A related question that attracted a lot of interest in the recent years is whether there is
a unique minimal binomial generating set for a binomial ideal. One of the first papers to
deal with this question for lattice ideals from a purely theoretical point of view was [21].
As it turns out, the positive answer has applications to Algebraic Statistics: [1, 2, 18].
Thus in [19] and [2] the notions of indispensable monomials and binomials were defined.
Let I be a binomial ideal. A binomial is called indispensable if (up to a nonzero constant)
it belongs to every minimal generating set of I consisting of binomials. This implies of
course that (up to a nonzero constant) it belongs to every binomial generating set of I. A
monomial is called indispensable if it is a monomial term of at least one binomial in every
system of binomial generators of I. How does one compute these elements?
When I := IL is a lattice ideal and L∩N
n = {0}, there are several works in the literature
that deal with this problem. In particular, in [19] it was shown that to compute the
indispensable binomials of IL, one computes all lexicographic reduced Gro¨bner bases and
then their intersection: there are n! such bases; a corresponding result for indispensable
monomials was shown in [2]. In [20], it was shown that to compute the indispensable
binomials of IL, it is enough to compute certain degree-reverse lexicographic reduced
Gro¨bner bases of IL (n of them), and then compute their intersection. In [4, Proposition
3.1], it was shown that to find the indispensable monomials of IL, it is enough to consider
any one of the binomial generating sets of IL. Moreover in [4, Theorem 2.12] it was
shown that in order to find the indispensable binomials of IL, it is enough to consider any
minimal binomial generating set of IL, assign Z
n/L-degrees to the binomials of this set
and to compute their minimal Zn/L-degrees. More recently in [14, Theorem 1.1, Corollary
1.3], it was shown that if I is a pure binomial ideal then there is a d ∈ N such that any I
is A-graded for some A ⊂ Zd: when NA∩ (−NA) = {0} and all fibers are finite a sufficient
condition was given in [14] for the indispensable binomials and a characterization for the
indispensable monomials, involving the I-fibers of a minimal generating set of I.
In this paper, we significantly improve all previously known results regarding indispens-
able binomials. Moreover our results apply to the general case of all binomial ideals. In
Section 2 we show that as in [14], the indispensable monomials are the elements of the
minimal generating set of the monomial ideal of I, see Remark 2.3. Then we go on and
are able to express this condition into three necessary and equivalent conditions involving
a graph whose vertices are the (possibly infinitely many) elements of the fiber, see The-
orem 2.5. This result is then applied to provide sufficient and necessary conditions for a
binomial in I to be indispensable, see Theorem 2.6.
In Section 3, we prove that an arbitrary system of binomial generators of I gives all
necessary information to decide whether a given binomial is indispensable, see Theorem
3.3. As an immediate application of Theorem 3.3 we obtain an algorithm which computes
the indispensable elements of a binomial ideal I, given any system of binomial generators
of I, see Algorithm 1. This algorithm bypasses the computation of a reduced Gro¨bner
basis unlike the previous methods. As a result we show that Algorithm 1 is a polynomial
time algorithm, see Remark 3.5, in contrast to the other methods, see [15] for details
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regarding the complexity of reduced Gro¨bner basis computation for binomial ideals. We
also show, that to decide whether a minimal system of binomial generators of a binomial
ideal is in fact a system of indispensable binomials it is enough to compute the cardinality
of the minimal generating set of an associated monomial ideal, see Corollary 3.6 and the
resulting Algorithm 2.
In Section 4, we generalize the notion of primitive elements to pure binomial ideals.
The set of all primitive elements is the Graver basis of I. This set is extremely important
in theory and all computations involving lattice ideals, see [22]. We prove that the Graver
basis of any pure binomial ideal is finite, see Proposition 4.3. We show that the Graver
basis includes as a subset the universal Groebner basis of I, see Theorem 4.2. Finally,
we show that a Lawrence lifting construction gives a pure binomial ideal generated by
indispensable binomials, see Theorem 4.4.
We thank the two anonymous referees for their careful reading and suggestions which
greatly improved our paper, in particular for the questions on the complexity of the algo-
rithms and on the generalization to binomial ideals, which we could answer affirmatively.
1. Fibers of a Binomial Ideal
Let R = K[x1, . . . , xn] where K is a field. We denote by T
n the set of monomials of R
including 1 = x0, where xu = xu11 · · · x
un
n . If J is a monomial ideal of R we denote by G(J)
the unique set of minimal monomial generators of J . For B = xu− λxv with λ 6= 0 we let
supp(B) := {xu, xv}.
Definition 1.1. Let I be a binomial ideal of R. We say that F ⊂ Tn is an I-fiber if there
exists a xu ∈ Tn such that F = {xv : v ∼I u}. If x
u ∈ Tn, and F is an I-fiber containing
xu we write Fu or Fxu for F . If B ∈ I and B = x
u − λxv with λ 6= 0 we write FB for Fu.
It is trivial that |Fu| = 1, that is Fu is a singleton, if and only if there is no binomial
0 6= B ∈ I such that xu ∈ supp(B). If J ⊂ I gives the containment between two binomial
ideals and F is a J-fiber, then clearly F is contained in an I-fiber.
Example 1.2.
a) Let a ∈ N, r ∈ Z≥1, L = rZ, λ ∈ K \ {0} and I1 = (x
a − λxa+r). It is immediate that
xa+j−λnrxa+nr+j ∈ I1 for all j, n ∈ N. The I1-fibers are either singletons or infinite. There
are exactly a singletons and r distinct infinite I1-fibers of the form Fa+j = {x
a+j+nr : n ∈
N}, for 0 ≤ j ≤ r − 1. Moreover since
xa − λxa+r = (1− λxr)(xa − λ3rxa+3r) + λ3rx3r−1(xa+1 − λxa+r+1) ,
I1 = (x
a − λ3rxa+3r, xa − λxa+r+1). Thus I1 has no indispensable binomials. It is clear
that the the only indispensable monomial of I1 is x
a.
b) Let I2 = (y − x
2y, y3 − xy3, y4 − 9y6, y7 − 3y8). The I2-fibers are as follows:
• Fxi = {x
i} for all i ∈ N
• Fy = {yx
2n : n ∈ N}
• Fyx = {yx
2n+1 : n ∈ N}
• Fy2 = {y
2x2n : n ∈ N}
• Fy2x = {y
2x2n+1 : n ∈ N}
• Fy3 = {y
3xn : n ∈ N}
• Fy4 = {y
4+mxn : m,n ∈ N},
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and they are independent of the characteristic of K. Note that when char(K) = 3 then
I2 = (y − x
2y, y3 − xy3, y4) and is the binomial ideal (y − x2y, y3 − xy3, y4 − y5, y4 + y5).
The I2-fibers are depicted in the left of Figure 1.
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• • • • ⋆ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄
• • ⋆ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦
• • ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗
• ⋆ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄
• ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦
⊳ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗
⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄
◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦
∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗
⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄
◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦
∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗ ◦ ⋄ ∗
I2 I3
Figure 1. Fibers of binomial ideals
c) Consider the pure binomial ideal I3 = (y
8−xy6, x2y5−x3y3, x3y3−x5y2, x6y−x8). Its
fibers are depicted in the right part of Figure 1. There are 29 singleton I-fibers, depicted
by dots. The other fibers are:
• Fxy6 = {xy
6, y8}
• Fx3y3 = {x
3y3, x2y5, x5y2}
• Fx6y = {x
6y, x8}
• Fxy7 = {xy
7, y9}
• Fx7y = {x
7y, x9}
• Fx4y3 = {x
ayb| (a, b) ∈ N2 and (a, b) ∈ (4, 3) + N(−1, 2) + N(2,−1)}
• Fx3y4 = {x
ayb| (a, b) ∈ N2 and (a, b) ∈ (3, 4) + N(−1, 2) + N(2,−1)}
• Fx4y4 = {x
ayb| (a, b) ∈ N2 and (a, b) ∈ (4, 4) + N(−1, 2) + N(2,−1)}.
d) Consider the ideal I4 = (y
8 − xy6, x2y5 − x3y3, x3y3 − x5y2, x6y − 5x8) ⊂ K[x, y]. If K
is a field of characteristic different from 5, then all of the fibers are exactly the same as in
the previous example (c) except of the three fibers Fx4y3 , Fx3y4 , Fx4y4 of I3 which become
one fiber of I4. On the other hand, if char(K) = 5 then I4 = (y
8−xy6, x2y5−x3y3, x3y3−
x5y2, x6y) is the binomial ideal (y8−xy6, x2y5−x3y3, x3y3−x5y2, x6y−x4y3, x6y+x4y3)
and there are infinitely many singleton I4-fibers: all of the singleton fibers of example
(c) and all of the singleton fibers corresponding to monomials of the form xn. The other
I4-fibers are:
• Fxy6 = {xy
6, y8}
• Fx3y3 = {x
3y3, x2y5, x5y2}
• Fxy7 = {xy
7, y9}
• Fx6y which contains all the monomials belonging to the monomial ideal M =
(x6y, x4y3, x3y4, x2y6, xy8, y10).
Note that this example reveals that fibers are dependent on the characteristic of the
field.
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If G ⊂ Tn and t ∈ Nn we let xtG := {xtxu : xu ∈ G}.
Theorem 1.3. Let F be a partition of Tn. There exists a binomial ideal I such that F is
the set of I-fibers if and only if for any u ∈ Nn and any F ∈ F there exists a G ∈ F such
that xuF ⊂ G.
Proof. Let I be a binomial ideal. Let F := Ft be an I-fiber and let u ∈ N
n. It is clear
xuF ⊂ Ft+u. For the converse we let F = (Fi : i ∈ Λ) and I be the ideal generated by the
set {xu−xv : u,v ∈ Fi, i ∈ Λ}. Consider the set G of I-fibers. We will show that G = F.
Indeed let G be an I-fiber and xu ∈ G. Since F is a partition of Tn, there is an F ∈ F such
that xu ∈ F . From the definition of I, it is clear that F ⊂ G. For the converse inclusion
suppose that xv ∈ G and thus xv − xu ∈ I. Hence xv − xu =
∑l
k=1 ckx
wk(xvk − xuk)
where xuk , xvk ∈ Fik , ik ∈ Λ, ck ∈ K, and l ≥ 1. Therefore for some k, x
wkxuk = xu ∈ F .
By the hypothesis on the elements of F we obtain xwkxvk ∈ F . An easy induction on l
finishes the proof. 
In the proof of Theorem 1.3 we showed even more, namely that for a given set of fibers
there exists a pure difference binomial ideal whose set of I-fibers is the given one.
A vector u ∈ Zn is called pure if u ∈ Nn or −u ∈ Nn. If B = xu−λxv ∈ I with λ 6= 0 we
let v(B) = u−v. If F is a fiber of a binomial ideal I, we let LF := 〈v(B) : FB = F 〉 ⊂ Z
n.
We also consider Lpure,F , the sublattice of LF generated by the set
{w ∈ Nn : ∃ xu, xv ∈ F such that w = u− v},
and denote by L+pure,F the semigroup generated by the same set. Finally we let MF be
the monomial ideal of R generated by the elements of F . In some cases it might be that
the monomials in MF are precisely the elements of F , for example if I = (1 − x) in K[x],
but usually this is far from being the case. If I is a lattice ideal and I = IL then LF ⊂ L
and by [5, Proposition 2.3] or [17, Theorem 8.6] it follows that F is an infinite fiber if and
only if LF contains a nonzero pure element. In the case of an arbitrary binomial ideal I,
one can extend Proposition 2.6 of [5].
Proposition 1.4. Let I be a binomial ideal and F be an I-fiber. If {xa1 , . . . , xas} is the
minimal monomial generating set of MF then
F =
s⋃
i=1
{xaixw : w ∈ L+pure,F} .
In particular, F is infinite if and only if Lpure,F 6= 0.
Proof. It follows immediately from definitions the inclusion ⊆. For the other inclusion
let w ∈ L+pure,F and fix an i. Then there exist x
u ∈ F and λ ∈ K \ {0} such that
xu − λxu+w ∈ I. Since xai ∈ G(MF ) then x
ai ∈ F and there exists µ ∈ K \ {0} such that
xai − µxu ∈ I. We have
xai − λxai+w = (xai − µxu) + µ(xu − λxu+w)− λxw(xai − µxu),
hence xai − λxai+w ∈ I and consequently xai+w ∈ F . Therefore we obtain the desired
equality. 
The next example comments on certain subtleties of the above proposition.
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Example 1.5. Let I3 be the ideal of Example 1.2 c). The fiber F1 = Fx3y3 is finite
even though LF1 = 〈(2,−1), (−1, 2)〉 contains (1, 1). Note that (1, 1) /∈ Lpure,F1 and
Lpure,F1 = (0). For the fiber F2 = Fx4y3 , one can see that
MF2 = (x
10, x8y, x6y2, x4y3, x3y5, x2y7, xy9, y11),
thus Lpure,F2 = 〈(1, 1), (0, 3)〉 and L
+
pure,F2
= (0, 3)N+(1, 1)N+(3, 0)N. Therefore we have
{x10xb+3cy3a+b : a, b, c ∈ N} ⊂ F2.
Let I be a binomial ideal. We define an equivalence relation ” ≡ ” on the set of I-fibers
and a partial order ” < ” of the equivalence classes which generalize those from [5]:
Definition 1.6. If F , G are I-fibers, we let F ≡ G if there exist u,v ∈ Nn such that
xuF ⊂ G and xvG ⊂ F and denote by F , the equivalence class of F . We set F ≤ G if
there exists u ∈ Nn such that xuF ⊂ G. We write F < G if F ≤ G and F 6= G.
In [5, Proposition 3.5] it was shown for lattice ideals that any two equivalence classes
of fibers have the same cardinality. This is no longer necessarily true for an arbitrary
binomial ideal I as you can see in the Example 1.7 b), but the cardinality of F for an
I-fiber F can be computed similarly by replacing LF with Lpure,F .
Example 1.7.
a) Let I1 be the ideal of Example 1.2 a). The infinite I1-fibers are equivalent.
b) Let I2 be the ideal of Example 1.2 b). We note that
• Fy = {Fy, Fxy},
• Fy2 = {Fy2 , Fxy2},
• Fy3 = {Fy3},
• Fy4 = {Fy4}.
The set of equivalence classes of I2-fibers is totally ordered, the maximal element being
Fy4 and the minimal one F1, where F1 = {1}.
c) Let I3 be the ideal of Example 1.2 c). The three infinite fibers Fx4y3 , Fx5y3 , Fx4y4 are
equivalent. The equivalence classes Fx6y, Fxy6 and Fx3y3 are incomparable and minimal
when restricting to equivalence classes of fibers of cardinality greater than one.
Note that it is possible for a binomial ideal to contain monomials. If this is the case, then
it obviously contains infinitely many, but the surprising fact is that all of these monomials
form an I-fiber, which becomes the maximal I-fiber.
Theorem 1.8. Let I be a binomial ideal and denote by F (I) the set {xw| xw ∈ I}. Then
F (I) 6= ∅ if and only if there exist λ 6= µ ∈ K and monomials xu, xv such that xu−λxv and
xu − µxv belong to I. Furthermore, if F (I) 6= ∅ then F (I) is an I-fiber, F (I) = {F (I)}
and F ≤I F (I) for every I-fiber F .
Proof. Assume that F (I) 6= ∅ and let xw ∈ I. If xv is a monomial such that v ∼I w then
there exists λ ∈ K \ {0} such that xu − λxv ∈ I. Since xw ∈ I then also xv ∈ I, and
thus xv ∈ F (I). Hence Fw ⊆ F (I). For the converse inclusion, note that if x
v ∈ F (I)
then xv ∈ I and implicitly xw − xv ∈ I. Therefore v ∼I w and x
v ∈ Fw, which implies
F (I) ⊆ Fw.
It is easy to see from the definition of F (I) that xwF (I) ⊆ F (I) and xwF ⊆ F (I) for
any I-fiber F . This implies in particular F ≤I F (I) for every I-fiber F . On the other
hand, if xvF (I) ⊆ F for some I-fiber F with F 6= F (I) then we obtain a contradiction
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from Theorem 1.3, since xvF (I) ⊆ F (I). Therefore it follows that F (I) = {F (I)}, and
we are done. 
Example 1.9. Let I1, . . . , I4 be the ideals of Example 1.2. Then:
(a) F (I1) = ∅;
(b) F (I2) = ∅ if char(K) 6= 3, and F (I2) = Fy4 when char(K) = 3;
(c) F (I3) = ∅;
(d) F (I4) = Fx4y3 ∪ Fx3y4 ∪ Fx4y4 if char(K) 6= 5, where Fx4y3 , Fx3y4 , Fx4y4 are the
underlying sets of the corresponding fibers of I3; and F (I4) = Fx6y if char(K) = 5,
where Fx6y is the corresponding fiber of I4.
Remark 1.10. Whether a binomial ideal I contains or not monomials is computationally
detectable through a single Gro¨bner basis computation. Indeed, if we compute a reduced
Gro¨bner basis G with respect to any monomial order then G contains a monomial if
and only if I contains monomials. The proof of this remark follows immediately from
Buchberger’s algorithm for computing a reduced Gro¨bner basis.
The proof of [5, Theorem 3.8] applies ad litteram for an arbitrary binomial ideal I and
is based on the noetherian property of a chain of monomial ideals associated to the fibers.
Theorem 1.11. Let I be a binomial ideal. Any descending chain of equivalence classes
of fibers
F 1 > · · · > F k > F k+1 > · · ·
is finite.
It is easy to see that if F is finite then F = {F}. In the next example we compute the
equivalence classes of the infinite fibers for the binomial ideals of Example 1.2.
Let F be a fiber of a binomial ideal I. We define two binomial ideals contained in I
I<F = (B ∈ I : B binomial, FB < F ), I≤F = (B ∈ I : FB ≤ F ).
We say that F is a Markov fiber if there exists a minimal binomial generating set S for
I and B ∈ S such that FB ≡ F . The definition of the equivalence relation among the
fibers together with the induced partial order allows us to identify the equivalent classes
of the Markov fibers and to prove that the set of equivalence classes of Markov fibers is
an invariant of the ideal. This is the content of the next theorem.
Theorem 1.12. Let I be a binomial ideal, S a binomial generating set of I and F an
I-fiber. Then
I<F = (B : B ∈ S, FB < F ) and I≤F = (B : B ∈ S, FB ≤ F ) .
Thus F is a Markov fiber of I if and only if I<F 6= I≤F . Moreover the set {FB : B ∈ S}
is an invariant of I.
Proof. We will show the statement for I<F , the other one having a similar proof. Let
J = (B : B ∈ S, FB <I F ). It is clear that J ⊂ I<F . For the other inclusion it is enough
to prove that if B = xu − λxv ∈ I<F then B ∈ J . Let B = x
u − λxv ∈ I<F . Since B ∈ I
then B =
∑t
j=1 cjx
ajBj , where Bj = x
uj − λjx
vj ∈ S are not necessarily distinct. The
expression B =
∑t
j=1 cjx
ajBj implies that, after a possible rearrangement of indices, there
exist binomials B1, . . . , Bs and a sequence of monomials x
m1 , . . . , xms+1 in the fiber FB
such that xm1 = xu = xb1xu1 , . . . , xmi = xbixvi = xbi+1xui+1 , . . . , xms = xbsxvs = xv. Then
xu−λ1 . . . λsx
v =
∑s
i=1 λ1 . . . λi−1x
biBi. Note also that since all monomials x
m1 , . . . , xms+1
7
belong to the fiber FB it follows that x
biFBi ⊂ FB . Thus FBi ≤I FB . Since FB <I F we
see that FBi <I F . There are two cases to analyze. In the first case λ = λ1 . . . λs, and we
have B ∈ J . In the second case, λ 6= λ1 . . . λs implies x
u−λxv ∈ I and xu−λ1 . . . λsx
v ∈ I,
and by Theorem 1.8 we have F (I) 6= ∅ and FB = F (I). Again by Theorem 1.8 we obtain
a contradiction to FB <I F , and we are done. 
For a lattice ideal I we have even more: if S1, S2 are two minimal binomial generating
sets of I of minimal cardinality, then {FB : B ∈ S1} = {FB : B ∈ S2} where the equality
holds for the multisets (i.e. sets together with the multiplicities of their elements), see [5,
Corollary 4.14].
Example 1.13. Let I2 be the ideal of Example 1.2 b), which is minimally generated
by the four binomials. The set of equivalence classes of Markov fibers of I2 is the set
{Fy, Fy3 , Fy4}. It is not hard to see that I2 has also a minimal generating set of cardinality
three: I2 = (y − x
2y, y3 − xy3, y4 − y5).
2. Indispensable Monomials and Binomials
Let I be a binomial ideal and F an I-fiber. We consider the monomial ideals MF
generated by the monomials of all fibersG with G ≡ F , andMI generated by all monomials
xu ∈ supp(B), where B ∈ I is a nonzero binomial. It is clear that MF ⊆ MF . We note
the following:
Lemma 2.1. If I = (xu1 − λ1x
v1 , . . . , xus − λsx
vs) with λ1, . . . , λs ∈ K \ {0} then MI =
(xu1 , xv1 , . . . , xus , xvs).
Proof. One inclusion is immediate. For ”⊆” suppose that xu−λxv ∈ I for some λ ∈ K\{0}.
Hence there are polynomials fj ∈ R such that
xu − λxv =
s∑
j=1
fj(x
uj − λjx
vj) .
Thus for some i, k ∈ [s], xui or xvi divides xu, and xuk or xvk divides xv. Therefore xu, xv
belong to (xu1 , xv1 , . . . , xus , xvs). 
We also note that if xu is a minimal monomial generator ofMI then x
u is also a minimal
monomial generator of MFu and of MFu .
Example 2.2. Let I2 be the ideal of Example 1.7 b). Then MI2 = (y). Also, if F = Fxy2
then MF = (xy
2) and MF = (y
2). If G = Fy then MG = MG = MI2 .
In [14, Proposition 1.5] it was shown that if I is an A-homogeneous binomial ideal for
some A ⊂ Zd such that NA ∩ (−NA) = {0}, then the indispensable monomials of I are
exactly the minimal monomial generators of MI . The same proof applies to any binomial
ideal I. We isolate this remark:
Remark 2.3. Let I be a binomial ideal and S a system of binomial generators of I. The
indispensable monomials of I are precisely the elements of G(MI). Moreover G(MI) comes
from
⋃
B∈S supp(B) by keeping the minimal elements according to divisibility.
Next, for F an I-fiber, we define the graph ΓF (on possibly infinitely many vertices):
Definition 2.4. ΓF is the graph with vertices the elements of F and edges {x
u, xv}
whenever xu − λxv ∈ I<F for some λ ∈ K \ {0}.
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The connected components of ΓF determine the indispensable monomials and binomials
as the next two theorems show.
Theorem 2.5. Let I be a binomial ideal. The monomial xu is a minimal monomial gen-
erator of MI (and thus an indispensable monomial) if and only if the following conditions
hold simultaneously
(a) |Fu| ≥ 2,
(b) xu is an isolated vertex of ΓFu ,
(c) xu is a minimal generator of MFu .
Proof. Assume first that xu is a minimal monomial generator of MI . Conditions (a) and
(c) follow immediately. For condition (b) we suppose that xu is not an isolated vertex of
ΓFu : there exists x
v ∈ Fu so that {x
u, xv} is an edge of ΓFu and thus x
u − λxv ∈ I<Fu
for some λ ∈ K \ {0}. By Theorem 1.12, the binomial B = xu − λxv is not part of any
minimal binomial generating set of I. On the other hand, since xu ∈ G(MI), it follows
by Lemma 2.1 that for any minimal binomial generating set S there exists a binomial
xu − µxw ∈ S with µ ∈ K \ {0}. Fix such a minimal system of binomial generators S
and let Bi = x
u − λix
wi with i = 1, . . . , t be the binomials in S having in their support
xu. If we define B′i = x
v − (λi/λ)x
wi for i = 1, . . . , t, then one can easily see that the
set S′ = (S \ {B1, . . . , Bt}) ∪ {B,B
′
1, . . . , B
′
t} is a system of generators of I. Minimizing
S′ we obtain a minimal system of binomial generators S′′ which is properly contained in
S′ \ {B} since B is not part of any minimal system of binomial generators. Thus xu does
not appear in the support of any binomial from S′′, and therefore by Lemma 2.1, xu is
not a minimal monomial generator of MI , a contradiction.
For the converse, assume that xu satisfies conditions (a)-(c). Suppose that xu is not
a minimal monomial generator of MI . Since |Fu| ≥ 2, we conclude that there exists a
monomial xv such that xu−λxv ∈ I for some λ ∈ K\{0}. Since xu /∈ G(MI) we conclude
that there exists a minimal binomial system of generators S of I and B ∈ S so that
xu = xwxu
′
with xu
′
∈ supp(B) and xw 6= 1. In particular we get that Fu′ ≤ Fu. We first
examine the case when B ∈ I<Fu . If supp(B) = {x
u
′
, xv
′
} we let xw
′
= xv
′
·xw ∈ Fu. This
implies that {xu, xw
′
} is an edge of ΓFu , contradicting condition (b). If B /∈ I<Fu then
Fu ≡ Fu′ and since x
u
′
properly divides xu it follows that xu is not a minimal generator
of MFu , a contradiction to (c). 
The description of the indispensable monomials in terms of the graph of their fibers will
be useful in the next theorem.
Theorem 2.6. Let I be a binomial ideal. The binomial B ∈ I is indispensable if and only
if the graph ΓFB consists of two isolated vertices.
Proof. Let B = xu − λxv for some λ ∈ K \ {0} and F = FB . Assume first that the graph
ΓF consists of two isolated vertices, that is F = supp(B) and B /∈ I<F . By Theorem 1.12,
any generating set of I contains a binomial B′ such that FB′ ≡ F . However since F is finite
it follows that F = {F} and since F = supp(B) it must be that up to a multiplication by
a nonzero coefficient B′ = xu − µxv for some µ ∈ K \ {0}. If µ 6= λ then xu, xv ∈ I, thus
F = F (I) is an infinite fiber, a contradiction to the finiteness of F . Hence µ = λ and so
B is indispensable.
For the other direction, assume that B is indispensable. Thus the elements of supp(B)
are indispensable monomials. By Theorem 2.5 the elements of supp(B) are isolated vertices
of ΓF and B /∈ I<F . It remains to show that F = supp(B). Suppose that x
w /∈ supp(B) is
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also in F . This implies that there exist λ1, λ2 ∈ K\{0} such that x
u−λ1x
w, xv−λ2x
w ∈ I.
Hence also xu − (λ1/λ2)x
v belongs to I. Let S be any minimal generating set of I. It
necessarily contains B. We have two cases to analyze. First assume that λ1/λ2 = λ.
This implies that set S \ {B} ∪ {xu − λ1x
w, xv − λ2x
w} is a system of generators of I
and when we minimize it we obtain a minimal system of generators of I not containing
B, a contradiction since B is indispensable. In the second case λ1/λ2 6= λ, and we
obtain xu, xv ∈ I. Therefore F = F (I), xw ∈ I and it can be seen immediately that
S \ {B} ∪ {xu − λxw, xv − xw} is a system of generators of I. Minimizing it we obtain a
minimal system of generators not containing B, a contradiction since B is indispensable.
Hence the graph ΓF consists of two isolated vertices x
u, xv. 
Example 2.7. Let I3 be the ideal of Example 1.2 c). Since
G(MI3) = {x
8, x6y, x5y2, x3y3, x2y5, xy6, y8}
then I3 has seven indispensable monomials by Remark 2.3. This implies that a minimal
generating set of I3 can have cardinality no less than four. The indispensable binomials
of I3 are x
6y − x8 and xy6 − y8 as follows from Theorem 2.6 and the study of the fibers
of the indispensable monomials. See Examples 1.2 c), 1.7 c).
The following result generalizes [14, Corollary 1.11].
Corollary 2.8. Let J ⊂ I be two binomial ideals. If B is an indispensable binomial of I
and B ∈ J then B is indispensable in J .
Proof. By Theorem 2.6 we have that the I-fiber FB is equal to supp(B). Since the fiber
of B in J is a subset of FB and contains supp(B), then it equals FB . Moreover since
J<FB ⊂ I<FB it follows that B /∈ J<FB . The conclusion now is obtained by applying
Theorem 2.6 one more time. 
3. Computing indispensable binomials of I
Let I be a binomial ideal and S a system of binomial generators of I. In this section
we provide an algorithm for finding the indispensable binomials of I. This algorithm
generalizes by far the three algorithms known to us which are given in the restrictive case
of positively A-graded toric ideals (i.e. NA ∩ (−NA) = {0}), which are in particular pure
binomial ideals. We recall that:
• the algorithm in [19, Theorem 2.4] implies computation of n! reduced Gro¨bner
bases with respect to the lexicographic orders,
• the algorithm in [4, Theorem 3.4] implies the computation of one Gro¨bner basis
and the knowledge of the minimal elements in the set of I-fibers,
• the algorithm in [20, Theorem 13] implies computation of n reduced Gro¨bner basis
with respect to n degree reverse lexicographic orders.
The simplicity and the swiftness of the algorithm we propose in this section depends only
on the information given by S. First we define a graph with vertices the (at most 2|S|)
elements in the union of the supports of the binomials of S.
Definition 3.1. Let F(S) be the graph whose vertices are the monomials in
⋃
B∈S supp(B)
and edges {xu, xv} whenever, up to a nonzero scalar multiplication, xu−λxv ∈ S for some
λ ∈ K \ {0}.
Note that the graph F(S) may not be simple, since it may have multiple edges as the
following example shows.
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Example 3.2. Let I ⊂ C[x, y] be the binomial ideal generated by S = {y8 − xy6, x2y5 −
x3y3, x3y3 − x5y2, x6y − x8, x6y − 2x8}. The graph F(S) is depicted below:
• •
y8 xy6
•
•
•
x3y3
x2y5
x5y2
F(S)
• •
x8 x6y
Figure 2. The graph associated to a generating set S of a binomial ideal
Moreover, if S is a minimal binomial generating set for a binomial ideal I with F (I) = ∅
then F(S) is a forest.
Theorem 3.3. Let S be a binomial generating set of I. The binomial B ∈ S is indispens-
able if and only if supp(B) ⊂ G(MI) and the induced graph on the vertices of supp(B) is
a connected component of F(S) consisting of a simple edge.
Proof. If B ∈ S is indispensable then the first assertion follows from Remark 2.3. Moreover
by Theorem 2.6, |FB | = 2. Thus the induced graph on the vertices of supp(B) is necessarily
a connected component of F(S). Furthermore, if this induced graph was not a simple edge
then there would exist λ1 6= λ2 ∈ K\{0} such that x
u−λ1x
v, xu−λ2x
v ∈ S. This implies
that xu, xv ∈ I, thus FB = F (I) is an infinite fiber, a contradiction since |FB | = 2.
For the converse, assume that B = xu − λxv for some λ ∈ K \ {0}, supp(B) ⊂ G(MI)
and the induced graph on the vertices of supp(B) is a connected component of F(S)
consisting of a simple edge. The last condition implies that supp(B) ∩ supp(B′) = ∅ for
all B′ ∈ S, B′ 6= B. We can assume that S = {B1, B2, . . . , Bs} (where B = B1) and that
Bj = x
uj − λjx
vj . Suppose now that there exists a monomial xw ∈ FB \ supp(B). This
implies that there exists µ ∈ K \ {0} such that xu − µxw ∈ I. Thus
xu − µxw =
∑
j,t
cαj,tx
αj,tBj ,(1)
where cαj,t ∈ K and the monomials x
αj,t are such that xαj,t1 6= xαj,t2 for any j and t1 6= t2.
Since xu ∈ G(MI) and x
u /∈ supp(Bj) for j 6= 1 we can assume that cα1,1 = 1 and
xα1,1 = 1. By our assumption xw 6= xv = xv1 . Thus xv1 must appear at least twice in the
RHS of Equation 1. It follows that xv1 is divisible by xuj or xvj for some j 6= 1. Since
xv1 ∈ G(MI) this would imply that x
v1 = xuj or xv1 = xvj . However this is impossible
since the induced graph on the vertices of supp(B) is a connected component of F(S).
Therefore our assumption is wrong and FB = supp(B). Assume now that B ∈ I<FB . By
Theorem 1.12
xu − λxv =
∑
i,s
cβi,sx
βi,sBi ,(2)
where the binomials Bi that appear in the RHS have the property that FBi < FB . Thus
xu is properly divisible by some monomial in supp(Bi) for i 6= 1. Since x
u ∈ G(MI) this
is a contradiction. Thus B /∈ I<FB and ΓFB consists of two isolated vertices. The desired
conclusion follows from Theorem 2.6. 
Example 3.4. Note that for the ideal I of Example 3.2 there is only one connected
component consisting of a simple edge, namely the one corresponding to supp(y8 − xy6).
Thus I has just one indispensable binomial.
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The following algorithm is an immediate application of Theorem 3.3.
Algorithm 1 Computing the indispensable binomials of a binomial ideal I
Input: F = {B1, . . . , Bs} ⊆ K[X], with Bi = x
ui − λix
vi for i ∈ [s], where λ1, . . . , λs ∈
K \ {0}.
Output: F ′ ⊂ F , the set of indispensable binomials of I = (B1, . . . , Bs).
1: Compute G(MI), a subset of {x
u1 , xv1 , . . . , xus , xvs}, and set T = {i : {xui , xvi} ⊂
G(MI)}.
2: If T = ∅ then F ′ = ∅.
3: Otherwise, for every i ∈ T check whether xui ∈ Supp(Bj) or x
vi ∈ Supp(Bj) for some
j 6= i.
4: F ′ = {xui − λix
vi : i ∈ T, xui /∈ Supp(Bj), x
vi /∈ Supp(Bj), for all j 6= i}.
Remark 3.5. We note that step 1 of Algorithm 1 involves checking the divisibility rela-
tions of the elements of {xu1 , xv1 , . . . , xus , xvs}. Checking one such divisibility is equivalent
to computing the difference vector of the two exponent vectors and see if it belongs to
N
n. Thus the running time of checking such a divisibility is O(n). Since there are 2s(2s−1)2
such divisibility relations to check, the total running time of having the output of step 1
is O(s2n). Therefore Algorithm 1 is a polynomial-time algorithm.
Corollary 3.6. Let I be a binomial ideal minimally generated by s binomials. I is gen-
erated by indispensable binomials if and only if |G(MI)| = 2s.
Proof. Assume that I is minimally generated by the binomials xu1 − λ1x
v1 , . . ., xus −
λsx
vs , where λ1, . . . , λs ∈ K \ {0}. If the binomials are indispensable then |G(MI)| = 2s
by Theorem 3.3. Conversely, if |G(MI)| = 2s we obtain the desired conclusion from
Algorithm 1. 
Algorithm 2 Testing whether a binomial ideal is generated by indispensable binomials
Input: F = {B1, . . . , Bs} ⊆ K[X], a set of binomials generating I.
Output: Is I generated by indispensable binomials? YES or NO
1: Compute S ⊂ F , a set of minimal generators for I.
2: Compute G(MI) from S.
3: If |G(MI)| = 2|S| then I is generated by indispensable binomials, otherwise not.
As an example we recover immediately that the toric ideal of A333, the 3×3×3 contin-
gency tables having fixed two-dimensional marginal totals, is generated by indispensable
binomials, [1, Theorem 1]. First, using CoCoA [6] we compute a generating set for IA333 :
it has cardinality 114. Then we minimize this set to get a generating set of cardinality 81
and finally we compute |G(MIA333 )|, which is 162. The criterion of Corollary 3.6 finishes
the proof.
4. Graver bases of binomial ideals
The notion of primitive binomials plays an important role in the theory of lattice ideals
and all applications in terms of computations. We generalize this notion to arbitrary pure
binomial ideals, see also [9].
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Definition 4.1. Let I be a pure binomial ideal. A binomial 0 6= xu − xv ∈ I is called a
primitive binomial of I if there exists no other binomial 0 6= xu
′
− xv
′
∈ I such that xu
′
divides xu and xv
′
divides xv. The set of all primitive binomials of I is called the Graver
basis of I, and denoted by Gr(I).
As in the case of lattice ideals, one can generalize [22, Lemma 4.6] to show that all
elements of the universal Gro¨bner basis of I are primitive. Below we include the proof for
completeness.
Proposition 4.2. Let I be a pure binomial ideal. Every binomial in the universal Gro¨bner
basis of I is contained in Gr(I). In particular, Gr(I) is a generating set for the ideal I.
Proof. We argue by contradiction. Assume that f = xu − xv /∈ Gr(I) and f ∈ G<, the
reduced Gro¨bner basis of I according to the monomial order ”<”. Moreover suppose
that in<(f) = x
u > xv, i.e. xu ∈ G(in<(I)). Since f is not primitive, there exists
g = xu
′
− xv
′
∈ I such that f 6= g and xu
′
|xu, xv
′
|xv. If in<(g) = x
v
′
then xv
′
∈ in<(I)
and thus xv is divisible by an element of G(in<(I)). This leads to a contradiction since
f belongs to the reduced Gro¨bner basis G< of I. If in<(g) = x
u
′
then xu
′
= xu. Thus
f −g = xv−xv
′
∈ I and in<(x
v−xv
′
) = xv. This, as before, leads to a contradiction. 
To prove that Gr(I) is finite, first we remark that if S is an infinite set of monomials
then an arbitrary element of S is divisible by some element of G(〈S〉). Thus if whenever
m,m′ ∈ S we have that m does not divide m′ neither m′ divides m then S is necessarily
finite.
Proposition 4.3. Let I be a pure binomial ideal. The Graver basis of I, Gr(I), is a finite
set.
Proof. We consider the set S = {xuyv, xvyu : xu − xv ∈ Gr(I)}. It is immediate that
there are no divisibility relations among distinct elements of S. Thus S is finite. It follows
that Gr(I) is finite. 
One can think of the pairs that form S in the above proof, as the support of binomials
that generate an ideal closely resembling the binomial ideal of the Lawrence lifting of I,
see [22, Theorem 7.1]. In the next theorem we study this ideal.
Theorem 4.4. Let I 6= (0) be a pure binomial ideal and let
Λ(I) := (xuyv − xvyu : xu − xv ∈ Gr(I)) ⊂ K[x1, . . . , xn, y1, . . . , yn].
The set {xuyv − xvyu : xu − xv ∈ Gr(I)} is a minimal system of generators of Λ(I)
consisting of indispensable binomials.
Proof. The conclusion follows immediately by Algorithm 2 and Proposition 4.3. 
Remark 4.5. Note that the conclusion of Theorem 4.4 holds for any binomial ideal J ,
where J = (xuyv − xvyu : xu − xv ∈ A, ∅ 6= A ⊂ Gr(I)).
We remark that when I = IA, a toric ideal, the ideal Λ(I) is equal to the toric ideal of
the second Lawrence lifting of A, see [22, Theorem 7.1]. In that setting the Graver basis
and the universal Gro¨bner basis of Λ(I) coincide, and consist of indispensable binomials.
However, in the general case examined in Theorem 4.4 the minimal generating set of Λ(I)
is not necessarily a Graver basis of Λ(I) or the universal Gro¨bner basis of Λ(I).
Example 4.6. Let I3 be the ideal of Example 1.2. Then Gr(I3) has 35 elements, while
the Graver basis of Λ(I3) consists of at least 113 elements. Moreover the reduced Gro¨bner
bases of Λ(I3) with respect to lex and degrevlex order differ.
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